We obtain a sharp estimate for the best constant C > 0 in the Wirtinger type inequality
where γ is bounded above and below away from zero, w is 2π-periodic and such that Here and in what follows, for every measurable function a we denote by inf a and sup a the essential lower bound and the essential upper bound of a, respectively. For every L > 1, we denote
a is 2π−periodic, inf a = 1 and sup a = L} .
Our aim in this note is to prove: * Supported in part by Regione Campania L.R. 5/02 and by the MIUR National Project Variational Methods and Nonlinear Differential Equations.
Theorem 1. Suppose a = γ p and b = γ q for some γ ∈ B(M ), M > 1, and for some p, q ∈ R such that p + q ≥ 0. Then
If p + q > 0, then equality holds in (3) if and only if γ(θ) =γ p,q (θ + ϕ) for some ϕ ∈ R, wherē
Furthermore, equality holds in (1)-(2) with a(θ) =γ Note that when p = q = 0, Theorem 1 yields C(1, 1) = 1 according to the classical Wirtinger inequality. When p = q = 0, the estimate (3) reduces to the estimate obtained by Piccinini and Spagnolo in [4] . More related results may be found in [1, 2, 3] and in the references therein. We begin by recalling in the following lemma the Wirtinger inequality of Piccinini and Spagnolo [4] .
Equality holds in (4) if and only if a(θ) =ā(θ + ϕ) for some ϕ ∈ R, whereā is defined by
and equality holds in (1)- (2) with a(θ) = b(θ) =ā(θ + ϕ) if and only if w(θ) = w(θ + ϕ), where
In order to prove Theorem 1, we need the following lemma, which yields an estimate for C(a, b) for arbitrary weight functions a, b.
The following estimate holds:
if and only if the following equation is satisfied:
a.e. τ ∈ (0, 2π), for some ϕ ∈ R, where θ(τ ) is the homeomorphism of R defined by
c is defined by
andā is the function defined in Lemma 1.
and equality is attained in 
This yields (7). Moreover, we have C(
and only if α(τ )β(τ ) =ā(τ + ϕ), for some ϕ ∈ R. That is, (8) ), where θ(τ ) is defined in (10) and c is defined by (11). Suppose
, and for some p, q ∈ R such that p + q > 0. Then γ(θ) =γ p,q (θ + ϕ) for some ϕ ∈ R, whereγ p,q is the function defined in Theorem 1.
Proof. When p + q > 0, we have γ (p+q)/2 ∈ B(L). In view of (9) and (15) we have γ(θ(τ )) =ā 2/(p+q) (τ + ψ), ∀τ ∈ R for some ψ ∈ R. It follows that
and, in view of the 2π-periodicity of a and b,
we have θ(τ − ψ) = h p,q (τ ) − h p,q (ψ) for every τ ∈ R, and consequently τ (θ) = h
In view of the definition ofā with L = M (p+q)/2 , we have:
In particular, we derive
It follows that h p,q (τ ) is the piecewise linear homeomorphism of R defined in [0, 2π) by
and by h p,q (τ + 2πn) = 2πn + h p,q (τ ), for any τ ∈ [0, 2π) and for any integer n. Inversion yields
, for θ ∈ [0, 2π) and h if and only if γ(θ) =γ p,q (θ + ϕ) for some ϕ ∈ R. Equality is attained in (1)- (2) with a(θ) =γ 
